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On Division of Series. 

By Revd. John Hagen, S. J., College of the Sacred Heart, Prairie Du Chien, Wis. 
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If the series 2a,, af is divided by the series X^ a x", the quotient will be a 
series whose coefficients may be expressed in determinant form in the following 
manner : 

a (3 ... 

a T @ r &_ x . . . (3 X 

This proposition may be proved either directly, by performing the indicated 
division, or indirectly by applying the method of indeterminate coefficients. In 
the first case the following formula will be found which may serve as a definition 
of the above determinant : 

a t+1 =^ 1 a t -/? a; +1 (1) 

where A^ +1 denotes a determinant of the above form whose last line begins 
with a T+1 , but in which the line beginning with a T is wanting ; in the second case 
we assume the quotient to be 2y T o; T , and multiplying it by the divisor find the 
identical equation 2a p af = 22/? <r y T £c" +T . Then changing the index <r by the 
formula a + r = a we have the equation 

p=0 oj=0 <r=0 

from which may be deduced the following two 



« M = /,fcr— i (r>o><y); o = 23^ ff y M - ff , (»>»•). 



(2) 



r=p 



Writing these systems in the following way : 



««,= P*,yo + ft, -in + • • • + p y u 
= #. +1 y + /3.y x + . . . + $ x y m + /3f y -+1 etc., 
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and remembering that for the solution with regard to y T we need only the first * 
equations, the following equation results : 
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as stated in the proposition. When o >r, we have of course a u = 0. 

In case the two given series are finite, the quotient will be a Recurring 
Series, i. e. beginning from a certain index each determinant may be expressed 
as a linear function of a constant number of preceding determinants. This 
linear function is represented in the second formula of (2), which, after substi- 
tuting the value of y, reads as follows : 



^(-l)'ft/3JA.-,= 0, (o>r). 



<r=0 



The preceding results may be applied also to multiple series. If the 
dividend is a multiple sum with the general term a^ K .,, K1 the division may be 
performed upon any of the indices, say the second, x ; and we shall have 
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If the divisor is a multiple sum 22 . . . 26 <rj ^,.. x , it may be reduced to a 
simple siim by putting 2 . . . 26^... x = ft, whereupon it admits at once of 
being operated upon by the formula above obtained. 



